We present a method to compute two Hecke operators acting on a space of algebraic modular forms simultaneously based on an idea of Eichler's. We show that in certain cases this method can be used to obtain the action of the full Hecke algebra with respect to a hyperspecial subgroup and use it to compute Hecke eigenforms for compact forms of symplectic groups.
Introduction
A classical task in the arithmetic theory of quadratic forms is the enumeration of a system of representatives of the isometry classes in a genus, i.e. given a quadratic space (V, q) over Q and a Z-lattice L ⊂ V decompose the set of all latices that are locally isometric to L at every prime p into (global) isometry classes. The number of isometry classes is known to be finite (even completely known without computation if q is indefinite) and the task is usually settled by use of Kneser's p-neighbour method (cf. [13] ).
Let us now replace the orthogonal group (with respect to q) with another reductive linear algebraic group G over Q. In this situation we can still ask the same question, i.e. given a faithful representation G ֒→ GL n and a lattice L ⊂ Q n we would like to decompose the G(Q)-orbit of L (called the G-genus) into G(Q)-orbits (called G-classes), whereQ denotes the finite adeles of Q. Again this question is well-studied, for example it is known that the class number is one, if G is simply connected, absolutely simple and G(R) is not compact by virtue of the strong approximation property. On the other hand if G(R) is compact there are analogues of Kneser's neighbour method that allow us to tackle this problem algorithmically (cf. [9] and the series [3, 4, 11] ). A helpful tool in the latter case is provided by so-called mass formulae. Since G(R) is assumed to be compact the stabilizer of a lattice in G(Q) is finite and hence so is the quantity mass(L) = mass(genus(L)) =
where the sum runs over a system of representatives of the G-classes in the G-genus of L. Since this quantity only depends on local information on L it is (as long as G and L are suitably well-behaved) computable without actually writing down a system of representatives. The probably best-known instance of this principle is the SmithMinkowski-Siegel mass formula in the case of orthogonal groups ( [18] ) which was later generalized to the case of arbitrary classical groups ( [8] ). These mass formulae often a priori only compute the mass of quite restrictive genera (e.g. even unimodular lattices in the case of orthogonal group), hence it is desirable to be able to compare the masses of different genera. The idea how to do this goes back to the work of Eichler (cf. [7] ) and works as follows: Let L, L ′ be two lattices in faithful G-modules and let K, K ′ be their respective stabilizers in G(Q), then
Moreover the idea behind this can be used to actually compute representatives for certain genera starting from representatives of another genus (cf. [1] ). In this article we want to apply Eichler's method to the computation of Hecke operators acting on algebraic modular forms as introduced by Gross ([10] ). Let G be a connected, reductive linear algebraic group over Q 1 such that G(R) is compact and choose an open, compact subgroup K ⊂ G(Q) as well as a an irreducible Q-rational representation V of G. In this notation the space of algebraic modular forms of level K and weight V is the space
This space comes equipped with an action of the Hecke algebra H K of compactly supported K-bi-invariant functions under convolution and our main algorithmic goal is the explicit computation of this action for given instances of G, K and V . The first general work formulated in this language is due to Lanksy and Pollack (cf. [14, 15] ) who worked in a very general setup (which will be of considerable use to us later on) and then performed explicit calculations for compact forms of G 2 and PGSp 4 over the rationals.
Cunningham and Dembélé computed Siegel modular forms, i.e. algebraic modular forms for compact forms of GSp 4 over totally real fields of narrow class number one (cf. [6] ) and Loeffler performed computations for unitary groups (of degree 2 and 3) over imaginary quadratic number fields (cf. [16] ). In addition Greenberg and Voight introduced a general framework of lattice methods for algebraic modular forms on classical groups, in particular unitary and orthogonal groups (cf. [9] ). Here we describe a method to compute two Hecke operators (acting on distinct spaces of algebraic modular forms) simultaneously by employing Eichler's idea. To that end we introduce for two open compact subgroups K 1 , K 2 of G(Q) the so called intertwining operator
as elements of H K 1 and H K 2 , respectively, whose action can consequently be obtained by only computing T (K 1 , K 2 ). If K 1 and K 2 only differ at a single prime p where they are two parahoric subgroups containing a common Iwahori subgroup it is possible to determine the coefficients of T (K 2 , K 1 )T (K 1 , K 2 ) (which we call the Eichler element of K 1 and K 2 ) in the standard basis of H K 1 . This allows us to study how many of the generators of H K 1 can be computed in this way and it turns out that for G of type C n we can obtain the action of the full (local) Hecke algebra. Finally we apply our method to the computation of algebraic modular forms for compact forms of symplectic groups (over totally real number fields) with respect to a parahoric level structure defined by a lattice, making it possible to hand off most of the computation to the Plesken-Souvignier algorithm ( [17] ) for isometry testing.
This article is organized as follows. We start by reviewing the basic terminology regarding algebraic modular forms and Hecke algebras (section 2). In section 3 we review the structure of double cosets in (split semisimple) p-adic groups. In section 4 we introduce the concept of intertwining operators and Eichler elements and study their properties. Finally we present some explicit computational examples in section 5.
Algebraic modular forms and Hecke operators
Here we want to review the basic notions in the theory of algebraic modular forms. The primary reference is Gross's original article [10] .
Algebraic modular forms
Let k be a totally real number field with ring of integers O k and let
Considering the finite places we setQ the finite adeles of Q (i.e. the elements of p prime Q p which are integral at all but finitely many places) andk := k ⊗ QQ the finite adeles of k. We identifyk with the set
and we denote the (full) ring of adeles of k by A k := k ∞ ×k. Let G be a connected reductive linear algebraic group over k such that G(k ∞ ) is compact (had we not already stipulated k to be totally real we would get it as a consequence here) and let ρ : G → GL V be an irreducible finite-dimensional rational representation of G defined over some extension of k.
Definition 2.1. Let K be an open compact subgroup of G(k). The space of algebraic modular forms of weight V and level K is defined as
Let now K ⊂ G(k) be an open compact subgroup. The structure of M (V, K) is summarized in the following proposition. 1. The set Σ K is finite. 
If
is an isomorphism of vector spaces, where
Note that the groups Γ i are discrete subgroups of the compact group G(k ∞ ) hence finite. Moreover since G(k ∞ ) is compact the space V carries a G(k)-invariant (totally positive) inner product, −, − , which we can use to define a Peterson scalar product on the space M (V, K). As before let α i , 1 ≤ i ≤ h, be a system of representatives for Σ K and
The so defined map −, − M is obviously a totally positive definite symmetric bilinear from on M (V, K) and does not depend on the choice of our representatives α i .
Hecke operators
We keep the notation from the previous subsection. The space of algebraic modular forms comes equipped with the action of the Hecke algebra of G with respect to K. Definition 2.3. The Hecke algebra H K = H(G, K) is the (Q-)algebra of all locally constant, compactly supported functions G(k) → Q which are K-bi-invariant. The multiplication in H K is given by convolution with respect to the (unique) Haar measure dλ K giving the compact group K measure 1, i.e.
for F, F ′ ∈ H K and γ ∈ G(k).
The algebra H K has a canonical basis given by the characteristic functions of the double cosets with respect to K,
The additive extension of T to H K is a homomorphism of Q-algebras and the action of H K on M (V, K) is compatible with the inner product on M (V, K) in the following sense. In particular this means that M (V, K) is a semisimple H K -module.
Open compact subgroups arising from lattices
A classical way in which open, compact subgroups of G(k) arise is as stabilizers of lattices. To that end let G ֒→ GL W be a faithful k-rational representation of G and L ⊂ W a (full) O k -lattice in W . The group GL W (k) (and thus also G(k)) acts on the set of lattices in W and we obtain an open, compact subgroup
Moreover K L,p is a hyperspecial maximal compact subgroup for all but finitely many finite primes of O k (cf. [5, Prop. 3.3] ). In this situation the task of decomposing G(k) into G(k)-K L -double cosets becomes the task of finding representatives for the isomorphism classes in the (G-)genus of L, i.e. decomposing the
called the class number of L and the complexity of Σ K L is in some sense measured by the mass of L,
where
The mass of L depends only on local information and can be computed without writing down a system of representatives for the genus. Formulas to do so are readily available in the literature (see for example [8] for the case of classical groups and [5] for semisimple groups split at every prime). These formulas rely on the fact that it is possible to compare the masses of two lattices, an idea that first appeared in the work of Eichler (cf. [7, Satz 8] ) and works as follows. Let L 1 , L 2 be two lattices in faithful G-modules (not necessarily the same one) and K 1 , K 2 ≤ G(k) the associated open and compact subgroups. Then
Note that the quantities [
is again open and compact and thus of finite index in both K 1 and K 2 .
Double cosets in p-adic groups
We fix the following notation which is essentially identical to that used in [15] and [14] to ensure compatibility. Let F be a local field of characteristic 0 with ring of integers O F , uniformizer π and finite residue class field of order q and characteristic p. Furthermore let G be a connected, semisimple, linear algebraic group defined and split over F . There is a Chevalley group scheme
is a hyperspecial maximal compact subgroup and such that the special fiber G O F /πO F is again semisimple of the same type as G.
Let T ≤ G be a split maximal torus scheme (whose generic fiber T F we call T). We set N T the normalizer of T in G, i.e. N T (A) := N G(A) (T(A)) for all A ∈ F -Alg. Furthermore let X * (T) = Hom(T, G m ) and X * (G m , T) be the character and cocharacter module of T, respectively. Let Φ ⊂ X * (T) be the (finite) set of roots (i.e. the non-trivial weights occurring in the adjoint representation). We choose some positive subset Φ + ⊂ Φ (or equivalently a Borel subgroup T(F ) ⊂ B ⊂ G(F )) and denote by ∆ the corresponding simple (or indecomposable) roots. Dually to this, let Φ ∨ ⊂ X * (T) be the set of coroots and α → α ∨ the usual bijective correspondence.
Given α ∈ Φ we denote by x α : G a → U α the isomorphism between G a and the one-dimensional unipotent subgroup scheme U α ≤ G (whose generic fiber (U α ) F we will call U α ). The morphism x α when considered as a map
here be denoted by W 0 (to avoid ambiguity), while we use the symbol W for the extended affine Weyl group N T (F )/T (O F ). Then both W 0 and W act as groups of affine transformations on the vector space X * (T) ⊗ Z R and W 0 is precisely the stabilizer of 0 ∈ X * (T) ⊗ Z R in W . Furthermore there is an isomorphism
where we embed X * (T) into W as a normal subgroup of translations (acting in the obvious way on X * (T) ⊗ Z R). In this sense set t λ = t(λ) ∈ W the translation corresponding to λ ∈ X * (T) which yields the following identity:
for w ∈ W 0 and λ ∈ X * (T). The Weyl group W 0 is a finite Coxeter group with set of involutive generators S 0 = {w α | α ∈ ∆}, where w α simply denotes the reflection through the vanishing hyperplane of the root α ∈ Φ. Now decompose Φ = Φ 1 ∪ ... ∪ Φ m into irreducible root systems with corresponding simple systems ∆ i , 1 ≤ i ≤ m (such that each Φ i is the root system of an almost simple component of G. If we put α 0,i the (unique) highest root of Φ i (with respect to the simple system ∆ i ) we can form a larger Coxeter group with generators S := S 0 ∪ {t α ∨ 0,i w α 0,i } which is isomorphic to the affine Weyl group W af associated to Φ, which we will now think of as a subgroup of W via this isomorphism.
We make the canonical choice for an Iwahori subgroup of G by letting I equal the subgroup generated by T (O F ), the groups x α (O F ) = U α (O F ) for α ∈ Φ + and the groups x α (πO F ) for α ∈ Φ − = −Φ + . This is the canonical choice for I since it is just the inverse image of the Borel subgroup associated to Φ + under the reduction modulo π from K to the special fiber of G (cf. [19] ). Under these definitions the triple (G(F ), I, N T (F )) is a generalized Tits system.
The group W is an extension of W a by a group Ω which one can find as follows: Put I the normalizer of I in G(F ) then
The group Ω is finite Abelian and canonically isomorphic to X * (T)/Λ, where Λ ≤ Z X * (T) is the lattice generated by the coroots Φ ∨ (in particular Ω is trivial if G is simply connected). It normalizes W af and we get a split extension
As usual we can consider the length function w → ℓ(w) on the Coxeter group W af (with respect to the generating system S). This length function extends to W by setting ℓ(ρw) := ℓ(wρ) := ℓ(w) for w ∈ W af and ρ ∈ Ω. In this sense we will call an expression w = w 1 ...w r ρ with w i ∈ S, 1 ≤ i ≤ r, and ρ ∈ Ω reduced if ℓ(w) = r. . Let w ∈ W with reduced expression w = ρs 1 ...s r (so ρ ∈ Ω, s i ∈ S and r = ℓ(w)). Then for all s ∈ S exactly one of the following holds:
Double cosets
2. There is an 1 ≤ i ≤ r such that w = ρs 1 ...ŝ i ...s r s (in which case ℓ(ws) = ℓ(w) − 1).
Lemma 3.2 ([14, Lemma 4.3]).
Let w, w ′ ∈ W with ℓ(w ′ w) = ℓ(w ′ ) + ℓ(w) and s ∈ S with ℓ(ws) = ℓ(w) + 1. Then exactly one of the following holds:
Furthermore if w ′ = ρs 1 ...s r is a minimal expression thenŵ ′ = ρs 1 ...ŝ i ...s r for some 1 ≤ i ≤ r. This implies that if w ′ is an element of some special subgroup of W , thenŵ ′ is an element of that subgroup, too.
is a special subgroup of W 1 .
In particular this means that the expression [
] is well-defined and we have the following length additivity property:
for all w ∈ W 2 . We now want to study what happens if we consider double cosets with respect to the intersection W 1,2 and how these correspond to the double cosets with respect to 
which contradicts the assumption that σ is of minimal length in its double coset with respect to W 1,2 .
The other equality follows analogously.
Using this length additivity we can show that the representatives of minimal length with respect to W 1,2 are already of minimal length with respect to the larger group W 2 as long as they are contained in W ′ 1 .
Lemma 3.7. The following holds:
. Proof. We need to show that ℓ(w 2 σw ′ 2 ) ≥ ℓ(σ) for all w 2 , w ′ 2 ∈ W 2 and will do so by induction on min(ℓ(w 2 ), ℓ(w ′ 2 )). If this minimum is 0 the assertion follows from the length additivity property in Lemma 3.6 so let min(ℓ(w 2 ), ℓ(w ′ 2 )) > 0 be realized (without loss of generality) at w 2 . Then we can write w 2 = s w 2 with s ∈ S 1 and ℓ( w 2 ) = ℓ(w 2 ) − 1.
and hence ℓ( w 2 σw ′ 2 ) = ℓ(σ). Thus
which implies ℓ(w ′ 2 ) ≤ ℓ( w 2 ) = ℓ(w 2 ) − 1 but we had ℓ(w ′ 2 ) ≥ ℓ(w 2 ) which is a contradiction. Hence ℓ(w 2 σw ′ 2 ) ≥ ℓ(σ) which completes the proof. 
Coset decompositions
We briefly want to supplement the previous subsection by reviewing some results on the decomposition of double cosets with respect to parahoric subgroups. However, we will only state the results we need for our following considerations, in particular we do not give the explicit formula for coset decomposition since this would require a bunch of otherwise not needed notation and rather refer the reader to [14] . Let P ′ 1 , P ′ 2 be two parahoric subgroups of G(F ) containing I, then 
Intertwining operators and Eichler algebras
We now want to introduce the method that allows us to compute two Hecke operators at once. Let k, G and V be as in Section 2 and let us fix two open and compact subgroups K 1 and K 2 of G(k). We want to consider the spaces of algebraic modular forms of weight V and levels K 1 and K 2 , respectively,
is again open and compact, hence of finite index in both K 1 and K 2 . We fix coset representatives m i ∈ K 2 , i ∈ I, and l j ∈ K 1 , j ∈ J, such that
The following is a simple observation but puts an easy upper bound on the amount of computations we have to do.
Thus the set {γ s l j : j ∈ J, s ∈ S} contains a system of representatives for G(k)\G(k)/K 2 .
Intertwining operators
Remember that in the case where K 1 and K 2 are the stabilizers of two lattices L and M , Eichler's method can be used to obtain the mass of the genus of M from the mass of the genus of L via
We want to take this idea one step further and try to employ the connection between K 1 and K 2 to compute the action of certain Hecke operators. Definition 4.1. We define
We call T 1 2 the intertwining operator (with respect to K 1 and K 2 or from M 1 to M 2 ).
T 1 2 is well-defined and independent of the choice of the m i since f is invariant under right-multiplication of the argument by elements of K 1 and hence, in particular, by elements of
The operators T 1 2 and T 2 1 = T
are connected in a way that becomes apparent if we consider the spaces M 1 and M 2 endowed with their inner products defined in Equation 8.
Lemma 4.2. The operators T 1 2 and T 2 1 are adjoint to each other. That is, for all f ∈ M 1 and f ′ ∈ M 2 we have
Proof. This is a tedious computation that works analogously to the proof for the adjoint of a Hecke operator.
Since the adjoint operator of T is uniquely determined by T , the above theorem shows that in applications it suffices to compute just one of the two. This observation is particularly useful in light of the next subsection.
Eichler elements
Lemma 4.3. The function i∈I,j∈J 1 l j m i K 1 is an element of H K 1 . Definition 4.4. We will call the function
Note that the definition of the Eichler element makes sense not only in the given global situation but also locally (e.g. one could look at the Eichler element of K 1,p and K 2,p as an element of H K 1,p ). Moreover if K 1 and K 2 decompose as products of local factors that coincide at all but one place the "global" Eichler element is just the embedding of the "local" Eichler element (at this place). In this sense we will sometimes want to think of the global Eichler element as a local object and vice versa if no confusion arises from this.
Since (T Since l j m i K 1 ⊂ K 1 m i K 1 and m i ∈ K 2 , the Eichler element ν 1,2 is only supported on the double cosets K 1 mK 1 with m ∈ K 2 . On the other hand write m ∈ K 2 as m i κ for some i ∈ I and κ ∈ K 1 ∩ K 2 , then K 1 mK 1 = K 1 m i K 1 , which shows that each of these cosets actually appears in the support of ν 1,2 . Let us denote (by slight abuse of notation) the set of double cosets in G(k)/ /K 1 which have a representative in K 2 by K 2 / /K 1 . Then we have seen that
and furthermore
If the intersection of K 1 and K 2 is small, ν 1,2 will have very large support and hence will in general not be of particular interest. However, if K 1 ∩ K 2 has (in some sense) small index in both K 1 and K 2 the operator ν 1,2 will be a linear combination of only a few elements of the standard basis of H K 1 , and thus T (ν 1,2 ) might prove to be useful for the computation of the action of H K 1 on M 1 .
Let us now assume that K i = q K i,q , i = 1, 2, are both products of local factors K i,q , where q runs over the finite places of k (this is the case for example when K 1 and K 2 arise as stabilizers of lattices). Furthermore assume that there is a finite place p of k such that G is split at p and K 1,p and K 2,p are two parahoric subgroups of G(k p ) containing a common Iwahori subgroup I while K 1,q = K 2,q for all q = p. Let W be the extended affine Weyl group of G(k p ) (with respect to a suitable torus whose integral points are contained in I) and W 1 , W 2 ≤ W the subgroups corresponding to K 1,p and
(where we embed the σ ∈ [W 1,2 \W 2 /W 1,2 ] into G(k) in the usual way) and these cosets are pairwise distinct by Corollary 3.9. In this case we can give an explicit formula for the values ν 1,2 (κ) from above. 
Note that the set in the numerator makes sense since we can assume that the m i are only supported at p.
We will now make the terms appearing in this description more explicit.
First of all we have
By Lemma 3.7 we see that κ is also of shortest length in the double coset 
where q is the order of the residue class field at p. Now consider the set A := {i ∈ I : m i P 1 ⊂ P 1 κP 1 } whose cardinality gives the last term in the above expression. Let x ∈ P 2 , then xP 1 ⊂ P 1 κP 1 if and only if P 1 xP 1 = P 1 κP 1 and by Corollary 3.9 this is the case if and only if already P 1,2 xP 1,2 = P 1,2 κP 1,2 . In particular this means that i ∈ A if and only if m i P 1,2 ⊂ P 1,2 κP 1,2 which implies
Now we put all of this together and see
But this was exactly our assertion.
Note that the condition W 1 ≤ W af is necessary for the result to hold as is shown by Example 1. The condition is always fulfilled if G is simply connected (in which case W = W af ) or if P 1 = K 1,p is a hyperspecial maximal compact subgroup.
Example 2. In the situation of the above theorem let G be simply connected of type C 2 (so a form of Sp 4 ). The extended Dynkin diagram is of the form
We set q := N k/Q (p) and compute:
Moreover
This means that, starting from a decomposition
we can compute the operators T 2 1 and T 3 1 to obtain the full action of the Hecke algebra
In addition we achieve coset decompositions for G(k)\G(k)/K 2 and G(k)\G(k)/K 3 as well as two more operators (acting on M (V, K 2 ) and M (V, K 3 ) respectively) along the way. If we were to compute T (K 1 s 0 K 1 ) and T (K 1 s 0 s 1 s 0 K 1 ) directly we would have to deal with q(q 3 + q 2 + q + 1) and q 3 (q 3 + q 2 + q + 1) left cosets respectively while computing T 2 1 and T 3 1 only requires us to consider (q 3 + q 2 + q + 1) left cosets each (where q denotes the norm of p i.e. the order of the residue class field at p). Now we want to consider the situation where W 1 W af . To that end we change the notation slightly and consider two parahoric subgroups
Finally we choose representatives for certain coset decompositions as follows
In addition we choose representatives ρ for Ω 1 , σ for Ω 1,2 . Now consider the element
We see that
In particular, if we want to study ν(P ′ 1 , P ′ 2 ) we can study ν 1,2 instead.
the coefficient of 1 P 1 κP 1 in ν(P 1 , P ′ 2 ). Then the following holds:
where Ω κ 1 denotes the stabilizer of κ in Ω 1 .
Proof. As noted before we will compute ν 1,2 . Notice that {l ′ j σP 1,2 | σ ∈ Ω 1,2 , j} = {ρl j P 1,2 | ρ ∈ Ω 1 , j} and compute for arbitrary x:
Now we decompose P 1 κP 1 = r κ r P 1 and see
The last equality holds due to [14, La. 5.7] . Putting all of this together we achieve the result.
It is noteworthy that the double cosets appearing in the sum in the last theorem are no longer necessarily distinct; in fact two cosets P ′ 1 κP ′ 1 and
The Eichler algebra
In Example 2 we saw that it is possible to obtain the whole (local) Hecke algebra of G by only computing intertwining operators in the case where G is of type C 2 . We now want to study in which cases we can expect this to happen and what operators we can still compute this way if we do not obtain the full Hecke algebra. To that end let again K be an open compact subgroup of G(k).
Definition 4.8. Let G be split at the finite prime p and K p be a hyperspecial maximal compact subgroup of G(k p ). The Eichler algebra (at p) of K is the subalgebra of H K generated by the Eichler elements ν(K, K ′ ) where K ′ runs over the open compact subgroups of G(k) such that K ′ q = K q for all q = p and K ′ p is a maximal parahoric subgroup of G(k p ) that contains a common Iwahori subgroup with K p .
In this terminology Example 2 says that for G of type C 2 and split at p the local Eichler algebra at p is the full Hecke algebra. Seeing that for V = k the trivial module we can identify M (V, K) with the space of k-valued functions on G(k)\G(k)/K, the elements in the Eichler subalgebra are characterized as those Hecke operators whose intrinsic combinatorics are already completely determined by the combinatorics of the chambers containing a given hyperspecial point.
Theorem 4.9. Let G be simply connected and split at the finite prime p. The local Eichler algebra of G at p is a polynomial ring and the following table lists the number of indeterminates and the translations in the affine Weyl group whose double cosets generate the local Eichler algebra depending on the extended Dynkin diagram of G:
Name

Dynkin diagram Generators
A n , n ≥ 1
and t(2ω ∨
) for odd n
Moreover, in the C n -case the Eichler algebra coincides with the full Hecke algebra.
Proof. The proof of this theorem is a case-by-case check and since all cases work in a very similar manner we will only give the details for the C n -case here.
Let G be of type C n (simply connected) and split at p. We can perform our computations locally and for ease of notation we set F := k p . We label the nodes of the extended Dynkin diagram as in the above table and set
Choosing an appropriate Iwahori subgroup I < K p < G(F ) we can assume P 0 := K p = IW 0 I. Then the other maximal parahoric subgroups of G(F ) that share a common Iwahori subgroup with K p are represented by P i := IW i I, 1 ≤ i ≤ n. The Hecke algebra H P 0 is generated by the characteristic functions of the double cosets P 0 t(ω ∨ i )P 0 , 1 ≤ i ≤ n − 1, and P 0 t(2ω ∨ n )P 0 whence it suffices to prove that these are also contained in the Eichler algebra. To that end we will show that the W 0 -double cosets that have a representative in W i are represented by 1,
The assertion then follows from Theorem 4.6.
We consider the classical realization of a root system of type C n in the Euclidean space R n with the standard inner product. The set of roots is
and the simple roots are
.., α n−1 = e n−1 − e n , α n = 2e n .
The coweights can be realized in the same vector space by the usual construction
Under this identification we have 
On the other hand we have
by using the standard isomorphism between a Coxeter group of type C i and the wreath product C 2 ≀ S i which identifies the standard parabolic subgroup of type A i−1 with the subgroup S i . Hence
is indeed a full system of representatives of W i / /(W 0 ∩ W i ) which finishes the proof.
Computational results
In this section we present some of the computational results we achieved using the method outlined in the previous chapters. The programs used for these computations are available from the author's homepage.
Reliability
First we briefly want to discuss the reliability of our implementation. The theory of modular forms offers a variety of plausibility checks for our results. When we enumerate a set of representatives of lattices in a given genus we have the mass formula which postulates that the inverses of the stabilizer orders should add up to a certain (precomputed) rational number. Moreover we often obtain several systems of representatives for the same genus from distinct computations which yields an additional check. Furthermore two Hecke operators which are supported at distinct primes (or at the same primes p, where K p is hyperspecial) necessarily have to commute. This is a particularly strong check since the representing matrices may have -depending on the dimension of the space -several hundred entries, so the probability that two such matrices commute by chance is essentially zero. Moreover the Hecke operators we compute have a prescribed adjoint with respect to the Peterson scalar product (most of them ought to be self-adjoint). Our results passed all of these checks in several hundred sample computations we performed which should be seen as a strong indicator for the validity of our computations.
Algebraic modular forms for symplectic groups
Let k be a totally real number field and H a totally definite quaternion algebra over k. For n ∈ N the n × n-matrix ring over H carries the natural involution † with M † = M tr where M is the entrywise quaternionic conjugate of M . Now we set U n,H the linear algebraic group over k with A-rational points U n,H (A) = {g ∈ (A ⊗ H) n×n |gg † = I n }
for every commutative k-algebra A. Since H is assumed to be definite the group U n,H (k R ) is compact and moreover if A ⊗ H ∼ = A 2×2 (which happens for all but finitely many completions of k) we have U n,H (A) ∼ = Sp 2n (A), whence U n,H is a compact form of Sp 2n . We now choose an O k -maximal order O H in H and consider open compact subgroups of U n,H (k) arising from O H -lattices in H n .
Our tables (1, 2, 3) give the decomposition of spaces of algebraic modular forms for symplectic groups arising in this way into Hecke eigenspaces. All these computations were performed with respect to trivial weight and the open compact subgroup defined by O n H (corresponding to the so-called principal genus) which means we are only listing eigenvalues in the hyperspecial case where we can actually guarantee this decomposition. We describe the occurring quaternion algebras by their discriminant and the Hecke operators by the prime at which they are supported and the element in the affine Weyl group corresponding to the double coset. For nonrational eigenvalues we provide the minimal polynomial instead and for extensions of Q we denote a prime ideal above p ∈ Z by p p . 
